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a b s t r a c t
This paper presents open-loop and closed-loop attitude control strategies of miniature
spacecraft using pseudowheels, which are composed of multiple bimorphs and are
mounted on the three principal axes of the spacecraft. Due to the conservation of angular
momentum, the vibrations of the bimorph excited by applied voltages can rotate the
spacecraft. By applying a sequence of rotations along the three axes, the attitude of
the spacecraft can be changed. The modeling of the spacecraft–pseudowheel system
includes the inverse piezoelectric effect and the gravity gradient torques. Since one cannot
guarantee that a solution will be found for every rotation sequence, this paper proposes
an approach to solve this problem. In addition, the voltages applied to the bimorphs are
reduced to meet the specifications of the voltage amplifiers. Furthermore, a closed-loop
attitude control strategy is presented to reduce the applied voltages and to compensate
the attitude error caused by the gravity gradient torques.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
During the last two decades, miniature spacecraft, including pico-spacecraft and femto-spacecraft, have been
considered as the next logical step in the evolution of capable, low-cost spacecraft systems [1–3]. Since these spacecraft are
very small in size andweight, they pose unique engineering challenges. Micro-/nano-technologies can be amajor part of the
solutions for these challenges [4–10]. However, these low-cost, low-mass, and low-power devices, such as micro-electro-
mechanical systems (MEMS) gyros, MEMS accelerometers, and MEMS digital thrusters, have limited space applications.
Moulton and Anathasuresh [11] considered a MEMS actuator based on an electrothermal compliant (ETC) mechanism.
The ETC mechanism works on the principle of nonuniform Joule heating of various sections of the actuator to generate
deflections. The amount of deflection is controlled by the applied voltage while the direction of deflection is regulated
by changing the electrical connection from series to parallel or vice versa. Li et al. examined a MEMS actuator, called a
pseudowheel, for attitude stabilization of spacecraft [12]. This actuator comprises multiple small beams attached to the
spacecraft, and each beam is made of two different electro-thermal materials of unequal thermal expansion coefficient.
Using the bimetallic or bimorph effect when a voltage is applied on these beams, they undergo deformation due to thermal
expansion [13]. Thus, when an external voltage is applied to the bimorph, it bends, and the hub produces a counter-direction
rotation due to the conservation of angular momentum. Therefore, the rotation motion can be regulated by switching
the external voltage, so the actuation is bounded and fully reversed. Koh et al. discussed the issues of controllability and
developed motion-planning algorithms for such a system, and they used approximate methods to develop two algorithms
for controlling satellite orientation [14,15]. Kuo et al. employed inverse kinematics and developed an algorithm to determine
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Fig. 1. (a) A pseudowheel with four piezoelectric bimorphs. (b) A spacecraft with pseudowheels.
the optimal trajectory by minimizing the actuating energy [16].The aforementioned researchers investigated the feasibility
of applying a pseudowheel for attitude control of spacecraft. However, all of them assumed the pseudowheel to be a rigid
body hinged on the spacecraft.
This paper presents a feasible approach to fulfill attitude control using pseudowheels. The main contributions of this pa-
per are summarized as follows. First of all, due to the flexibility of the bimorph, themodeling of the spacecraft–pseudowheel
system takes the inverse piezoelectric effect into account, and this improves themodeling accuracy. Second, since not every
rotation sequence can provide a solution, this paper presents an approach to archive all rotation sequences. Third, the vibra-
tions of the bimorphs are excited by large applied voltages, which are limited by the specifications of the voltage amplifiers.
This paper demonstrates how to meet the requirements. Finally, the attitude error caused by the gravity gradient torques
is compensated by a closed-loop attitude control strategy. This paper is organized as follows. The attitude control strategy
is presented in Section 2, and the equations of motion of the spacecraft–pseudowheel system are derived in Section 3. The
implementations of the attitude control strategies are summarized in Section 4, and some examples are demonstrated in
Section 5. Some conclusions are presented in Section 6.
2. Attitude control strategy of rotation sequences
An attitude control actuator, called a pseudowheel, is illustrated in Fig. 1(a), and the attitude reorientation of spacecraft
can be performed by mounting pseudowheels on each principal axis of the spacecraft, as shown in Fig. 1(b), where eˆ1, eˆ2,
and eˆ3 are the unit vectors along the three body-fixed principal axes. There are two limitations to fulfill the achievement
of attitude control. One is that activation and deactivation should be applied at different times, and the other is that the
pseudowheel cannot perform a full-circle rotation. To overcome these limitations, Li et al. [7] used a sequence rotation
caused by deflecting pseudowheels about three orthogonal axes to produce a net orientation change. This method can be
illustrated by employing a large-angle rotation sequence about the three principal axes of the spacecraft as follows:
[Rw] = [R−3][R−2][R−1][R3][R2][R1] ≠ I, (1)
where Ri is the rotationmatrix with respect to the ith axis, and theminus sign represents reverse rotation. Thus, the positive
and negative signs represent activation and deactivation of the pseudowheels, respectively. Therefore, a sequence rotation
with a condition that two consecutive rotations are not about the same axes can perform an attitude reorientation.
Since the attitude reorientation can be achieved by using various rotation sequences, three types of rotation sequence
are presented [11]:
Type A: [Rw] = [R−j][R−i][Rj][Ri] (2)
Type B:

[Rw] = [R−k][R−j][R−i][Rk][Rj][Ri]
[Rw] = [R−j][R−k][R−i][Rk][Rj][Ri]
[Rw] = [R−k][R−i][R−j][Rk][Rj][Ri]
[Rw] = [R−i][R−k][R−j][Rk][Rj][Ri]
(3)
Type C:
[Rw] = [R−k][R−j][Rk][R−i][Rj][Ri]
[Rw] = [Rk][R−j][R−k][R−i][Rj][Ri], (4)
where the subscripts i, j, and k can be 1, 2, or 3, but they must be different. Type A represents two-axis rotation sequences,
and types B and C are three-axis sequences. Type B has four formats, representing three different axes on the first three
rotations. Type C has two formats, which represent that the first and third axes are the same. Therefore, there are 24, 192,
and 48 rotation sequences, respectively, for types A, B and C, and the total number of possible rotation sequences is 264.
The rules of the attitude control strategy of the pseudowheels are summarized as follows. (1) One applies four or six
successive rotations based on the three types of rotation sequence. (2) There is only one axis performing the rotation at any
time. (3) Each rotation axis should include a positive rotation and a negative rotation. Thus, the rotationmatrix representing
the spacecraft attitude reorientation should be equal to the rotation matrix based on a prescribed rotation sequence, and
this can be expressed as
[Rs(φ1, φ2, φ3)] = [Rw(θ1, θ2, θ3)], (5)
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Fig. 2. A simplified single-axis spacecraft–pseudowheel model.
where [Rs] is the desired rotationmatrix to represent the spacecraft attitude reorientation, which can be expressed in terms
of the Euler angles φ1, φ2, and φ3; [Rw] is the rotation matrix caused by the rotation sequence of the pseudowheels, and the
angle of each rotation is θ1, θ2, or θ3. For instance, if the rotation sequence (1, 2, 3,−1,−2,−3) is selected, the rotation
matrix [Rw] can be written as
[Rw(θ1, θ2, θ3)] = [R−3(θ3)][R−2(θ2)][R−1(θ1)][R3(θ3)][R2(θ2)][R1(θ1)]. (6)
Eqs. (5) and (6) represent a set of ninenonlinear equations in termsof three unknowns,which are the three rotation angles
θ1, θ2, and θ3 on the three axes. Although the set of equations also implies that there are six orthonormality constraints, they
are always satisfied no matter what the values of the three unknowns are. Thus, Eqs. (5) and (6) still represent a set of nine
over-constrained nonlinear algebraic equations, and they can be solved by using the Newton–Raphson method:
{X} = {X0} + (∇{FW })−1[{FS} − {FW }]X0 , (7)
where X is a column vector in terms of the three unknown rotation angles of the pseudowheels, and X0 is an initial guess;
{Fs} and {Fw} are the column vectors in terms of the nine components in the rotation matrices of the spacecraft and the
pseudowheels, respectively; and∇ is a gradient operator. It is noted that∇{FW } is a 9×3matrix, and its inverse matrix can
be obtained by using the pseudo inverse, which is based on the least-squares method. Thus, even though a solution is found
by using Eq. (7), the solution might not totally satisfy the nine nonlinear equations.
To illustrate the attitude control strategy, one considers an optimization problem which is to minimize the actuating
energy in order to find a rotation sequence. Thus, a pseudo actuating energy is selected as an objective function, which is
defined as
J = θ21 + θ22 + θ23 . (8)
Although Eq. (8) is not a real energy function, it can be an index of the actuating energy because the rotating angle of the
pseudowheel is proportional to the applied voltage, which will be shown later (See Eq. (21)).
3. Formulation of equations of motion
Based on the aforementioned attitude control strategy, only one axis performs a single rotation at any time. Thus, the
equations of motion for a single axis can be individually derived. A simplified single-axis spacecraft–pseudowheel system is
shown in Fig. 2, where the spacecraft is considered as a rigid body, and the pseudowheel consists of multiple piezoelectric
bimorphs. When an external voltage is applied to the bimorph, it bends, and the spacecraft produces a counter-direction
rotation due to the conservation of angularmomentum. To derive the equations of motion, the kinetic energy can bewritten
as
Ti = 12 Iiα˙
2
i + ni

1
2
ρA
 l
0
w˙2i dx

, (9)
where Ii is the moment of inertia of the spacecraft; αi is the rotating angle of the spacecraft; ρ is the density of the bimorph;
A is the cross-section area of the bimorph; l is the bimorph length; wi is the transverse displacement of the bimorph; ni is
the number of bimorphs; and the subscript i represents the ith rotating axis.
In addition, the potential energy due to the inverse piezoelectric effect is written as
Ui = ni

1
2

V
STdV − 1
2

V
EiDdV

, (10)
where T and S are the stress and strain along the x-axis, respectively; D and Ei are the electric displacement and the electric
field along the z-axis, respectively; and V is the volume of the bimorph.
For application of the assumed mode method, the transverse displacement can be approximated as
wi = Ndi, (11)
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where N is a row vector in terms of the assumed mode functions, and di is a column vector composing of the variables
associated with the assumed modes.
Applying Lagrange’s equations leads the equations of motion expressed as
M0d¨i + F1α¨i + K0di = EiF0 (12)
F T1 d¨i + (Isi + Ib)α¨i = 0, (13)
where
M0 = ρA
 l
0
NTNdx (14)
F1 = ρA
 l
0
(a+ x)Ndx (15)
K0 = EI
 l
0
NTxxNxxdx (16)
F0 = 14 eA
 l
0
Nxxdx. (17)
In Eqs. (14)–(17), a represents the distance from the y-axis to the left end of the bimorph; E is the Young’s modulus; I
is the second moment of inertia with respect to the y-axis; e is the piezoelectric constant; and Ti is the disturbance torque.
Also, a proportional damping can be added into the system in order to damp the system vibration.
In addition, an Euler angle 3–2–1 sequence (φ1, φ2, φ3) is selected to express the attitude of the spacecraft. Then, the
rotation matrix and the angular rates of the single-axis rotation are respectively expressed as
[Rs] =
 c2c3 c2s3 −s2
−c1s3 + s1s2c3 c1c3 + s1s2s3 s1c2
s1s3 + c1s2c3 −s1c3 + c1s2s3 c1c2

(18)

α˙1
α˙2
α˙3

=
1 0 −s2
0 c1 s1c2
0 −s1 c1c2
φ˙1φ˙2
φ˙3
 , (19)
where ci and si represent cos(φi) and sin(φi), respectively.
To solve Eqs. (12)–(19), a three-axis attitude motion of the spacecraft actuated by the pseudowheels on the three axes
can be obtained. In order to determine the relationship between the rotating angle and the voltages applied to the bimorph,
Eqs. (12) and (13) can be reduced as
(αi)ss = −niF
T
1 K
−1
0 F0
Isi + niIb Ei (20)
lim
ni→∞
(αi)ss = −F
T
1 K
−1
0 F0
Ib
Ei, (21)
where the subscript ss represents the steady state. Eq. (21) shows that the applied voltage is proportional to the rotation
angle. Also, the rotation angle can increase if the number of bimorphs increases, but the rotation angle approaches a certain
value as the number of bimorphs goes to infinity.
4. Implementation procedures of the attitude control strategies
4.1. Open-loop attitude control strategy
The implementation procedure of the proposed attitude control strategy is illustrated in Fig. 3 and is summarized as
follows.
(1) Set a desired attitude of the spacecraft.
(2) Select a rotation sequence of the pseudowheels from Eq. (2) to (4).
(3) Solve Eq. (5) for the required rotation angles of the spacecraft based on the selected rotation sequence.
(4) Determine the applied voltages by using Eq. (20).
(5) Simulate the attitude motion of the spacecraft by solving Eqs. (10) and (11).
Although the implementation procedure of attitude control is straightforward, some implementation problems should
be identified first.
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Fig. 3. Open-loop attitude control strategy.
Fig. 4. Closed-loop attitude control strategy.
(1) Arbitrarily selecting a rotation sequence cannot guarantee that a solution will be found.
(2) Even though a solution is found by solving Eq. (5), performing the attitude motion simulation may not reach the desired
attitude. The reason is that there might be more than one solution that satisfies Eq. (5).
(3) Eq. (5) is valid for cases with the condition that there is no disturbance torque.
(4) The bimorph deformations need large applied voltages, which are usually bounded due to the limitations of the voltage
amplifiers.
(5) The applied voltages are not smooth functions of time. One should use numerical integrations in order to obtain accurate
simulations.
To overcome the aforementioned problems, several examples are demonstrated in the following section.
4.2. Closed-loop attitude control strategy
One assumes that the attitude of spacecraft can be measured after completing a rotation sequence. Then, the required
attitude change expressed by a rotation matrix [Rw]r from the measured attitude [Rs]m to the desired attitude [Rs]d can be
written as
[Rw]r = [Rs]d[Rs]−1m . (22)
Based on (22), the required attitude change can be the input of the attitude control strategy, and the applied voltages for
the next cycle can be determined. Repeating the procedure can lead the current attitude to approach the desired attitude.
The closed-loop attitude control strategy is illustrated in Fig. 4.
5. Simulation simulations
Example 5.1. Three-axis dynamic simulation.
An initial attitude of a spacecraft is given as an Euler angle 3–2–1 sequence (10°, 10°, 10°). One intends to find the
rotation sequencewhich can drive the spacecraft attitude back to zero degrees. The rotation sequence (2,−3, 1,−2, 3,−1)
is selected, because it has the minimum actuating energy. Using the spacecraft–pseudowheel model with four modes
approximating the bimorph vibrations, Fig. 5 shows the time responses of the Euler angles and the applied voltages. The
results show that transient responses appear at each rotation, and the final attitude reaches zeros degrees. Besides, the
applied voltages are 802, 1487, and 1350 V on the three axes of the pseudowheels, the pseudo actuating energy is 0.5473
rad2, and the maneuver time is 60 s.
5.1. Implementations of all possible rotation sequences
Asmentioned in Section 4, arbitrarily selecting a rotation sequence cannot guarantee that a solution is found. The reason
is that nine nonlinear equations are solved for three unknowns based on the least-squares method. For those cases without
solutions found, one approach is to apply three sets of repeated rotation sequences. Each set performs the same rotation
sequence, but the applied voltages are different for the three sets. Thus, there are nine rotating angles of the pseudowheels
to be determined, and they can be obtained by solving nine nonlinear equations.
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Fig. 5. (a) Time responses of the Euler angles and (b) the applied voltages based on one set of the rotation sequence (2,−3, 1,−2, 3,−1).
Fig. 6. (a) Time responses of the Euler angles and (b) the applied voltages based on three sets of the rotation sequence (3,−1, 2,−3, 1,−2).
Fig. 7. (a) Time responses of the Euler angles and (b) the applied voltages based on three sets of the rotation sequence (−3, 1,−3,−1).
Example 5.2. Implementation of a three-set three-axis rotation sequence.
After performing all 264 rotation sequences based on the three-set rotations, all of them can have a solution to achieve
the attitudemaneuver; the solutionwith theminimum actuating energy is the rotation sequence (3,−1, 2,−3, 1,−2), and
the pseudo actuating energy based on Eq. (7) is 0.5233 rad2. The time responses of the Euler angles and the applied voltages
are shown in Fig. 6, where the time duration between two successive vertical dashed lines represents a one-set maneuver.
The results show that the three voltages applied to the same principal axis are not exactly the same; the maximum voltage
is 841 V, and the maneuver time is 180 s.
Example 5.3. Implementation of a three-set two-axis rotation sequence.
The main advantage of the rotation sequences of type A (two-axis rotations) is to shorten the attitude maneuver time,
but a solution cannot be found. Thus, one uses a three-set two-axis rotation sequence to implement type A. After applying all
24 three-set two-axis rotation sequences, all of them have solutions. The rotation sequence (−3, 1, 3,−1) has a minimum
actuating energy, and the pseudo actuating energy is 3.6237 rad2. The time responses of the Euler angles and the applied
voltages are shown in Fig. 7. The results show that themaximumvoltage is 2533V, and themaneuver time is 80 s. Comparing
the two cases, rotation sequences (3,−1, 2,−3, 1,−2) and (−3, 1, 3,−1), the former (three-axis rotation) has longer
maneuver time than the latter (two-axis rotation), but the former needs less actuating energy.
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Fig. 8. (a) Time responses of the Euler angles and (b) the applied voltages based on seven steps of the rotation sequence (2,−3, 1,−2, 3,−1).
Fig. 9. (a) Time responses of the Euler angles and (b) the applied voltages based on three steps of three sets of the rotation sequence (3,−1, 2,−3, 1,−2).
5.2. Reductions of the applied voltages to the pseudowheels
Themaximumvoltage applied to the bimorphs usually depends on the specifications of the voltage amplifiers. Examining
the previous cases, all applied voltages are greater than 500 V, and this yields implementation difficulties. One option to
solve this problem is to apply multiple steps of rotation sequences, with each step executing a small attitude change. This
approach can reduce the applied voltages, but themaneuver timewill increase. The concept is the same as the previous cases
presented in Section 5.1, the only difference being that the applied voltages for each step are the same. The meanings of a
set and a step should be clarified in this paper. A set refers to repeated rotation sequences with different applied voltages,
and a step represents repeated rotation sequences with the same set of applied voltages.
Example 5.4. Implementation of a multiple-step single-set rotation sequence.
One still considers a regulationproblem, and the Euler angles 3–2–1 initiate at (10°, 10°, 10°). Since the rotation sequence
(2,−3, 1,−2, 3,−1) has a minimum actuating energy, this case still selects this sequence. In order to make the applied
voltages less than 500 V, seven steps of single-set rotation sequences are specified. The time responses of the Euler angles
and the applied voltages are shown in Fig. 8. The results show that it takes 420 s to complete the attitude maneuver. The
applied voltages on the three principal axes are 413, 469, and 484 V, and the pseudo actuating energy is 0.5117 rad2, which
is smaller than that of using a single-step single-set rotation sequence.
Example 5.5. Implementation of a multiple-step three-set rotation sequence.
One can still apply the approach to Example 5.4 based on the three-set rotation sequences, and three steps are specified
in order to reduce the applied voltages to less than 500 V. Fig. 9 shows the time responses of the Euler angles and the applied
voltages, where the time duration between any two successive vertical dashed lines represents a one-step attitude maneu-
ver. The results show that the pseudo actuating energy is 0.5149 rad2, themaneuver time is 540 s, and themaximumvoltage
is 469 V, which are little greater than those in the previous example. Table 1 provides comparisons of Examples 5.1–5.5.
5.3. Closed-loop attitude control
This subsection demonstrates the closed-loop attitude control strategy applied to the reductions of the applied voltages
and the compensation due to disturbance torques.
Example 5.6. Constrained closed-loop control strategy.
This example demonstrates the reductions of the applied voltages by applying the closed-loop control strategy, and a
constraint of applied voltages is imposed on Example 5.5. The constraint is written as
|Ei| ≤ 500 (V) (23)
Y.-L. Kuo, T.-L. Wu / Computers and Mathematics with Applications 64 (2012) 1282–1290 1289
Table 1
Comparisons of Examples 5.1–5.5.
Example
number
Rotation sequence No. of
steps
No. of
sets
No. of unknown
applied voltages
Applied voltages (V) Pseudo actuating
energy (rad2)
Maneuver
time (s)
Figure
number
Axis 1 Axis 2 Axis 3
Example 5.1 (2,−3, 1,−2, 3,−1) 1 1 3 802 1487 1350 0.5473 60 5
Example 5.2 (3,−1, 2,−3, 1,−2) 1 3 9 606 660 619 0.5233 180 6
−789 −770 −668
−841 −689 −665
Example 5.3 (−3, 1,−3,−1) 1 3 6 −1538 0 −2533 3.6237 80 7
−846 0 758
2107 0 −570
Example 5.4 (2,−3, 1,−2, 3,−1) 7 1 3 413 469 484 0.5117 420 8
Example 5.5 (3,−1, 2,−3, 1,−2) 3 3 9 −411 −327 −336 0.5149 540 9
−397 −432 −310
−469 −460 −454
Fig. 10. (a) Time responses of the Euler angles and (b) the applied voltages using the closed-loop control strategy with a constraint based on the rotation
sequence (3,−1, 2,−3, 1,−2).
In this case, if the applied voltage is greater than 500 V after performing the calculation of the attitude control strategy,
the applied voltagewill be reduced to 500V. This constraintwill cause an attitude error, and the error can be compensated by
using the closed-loop attitude control strategy. The time responses of the Euler angles and the applied voltages are shown
in Fig. 10, where the time duration between any two successive dashed lines represents a one-cycle attitude maneuver.
Comparedwith Example 5.5, the results show that it takes three closed-loop cycles for the Euler angles to reach zero degrees.
Thus, the maneuver time is the same, but the pseudo actuating energy is 0.7982 rad2. Examining the applied voltages, they
reach the maximum value 500 V during the first cycle, but they are below the maximum value during the third cycle.
Example 5.7. This example considers the gravity gradient torques as the disturbance torques, and they can be expressed
as [17]
T1 = 32ω
2
0(I3 − I2)R23R33 (24)
T2 = 32ω
2
0(I3 − I1)R13R33 (25)
T3 = 32ω
2
0(I1 − I2)R13R23, (26)
where ω0 is the orbital rate, and Rij is the ijth component of the rotation matrix of the spacecraft.
The proposed open-loop control strategy cannot compensate the errors due to the disturbance torques. This example
demonstrates the application of the closed-loop control strategy, and a three-set rotation sequence (3,−1, 2,−3, 1,−2) is
adapted. It is expected that the convergence timewill be long. In order to improve the efficiency of the attitude compensation
due to the effect of the gravity gradient torques, the voltages applied after performing the calculations of the open-loop
attitude control strategy are amplified by a factor. This may reduce the convergence time. The time responses of the Euler
angles and the applied voltages are shown in Fig. 11. The results show that it takes ten cycles to reach the desired attitude.
For the last five cycles, the desired attitude is almost reached, but the pseudowheels still operate to compensate the attitude
error caused by the gravity gradient torques.
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Fig. 11. (a) Time responses of the Euler angles and (b) the applied voltages for systemswith gravity gradient torques using the closed-loop control strategy
based on three sets of the rotation sequence (3,−1, 2,−3, 1,−2).
6. Conclusions
This paper presents the attitude control of miniature spacecraft by using pseudowheels, which are mounted on the three
principal axes of the spacecraft. The pseudowheels are composed of multiple bimorphs, whose vibrations are exited by
applied voltages. Due to the conservation of angularmomentum, the spacecraft attitude can be driven by the pseudowheels.
By applying a rotation sequence, the attitude maneuver can be completed. This paper proposes open-loop and closed-loop
attitude control strategies. Since there are some limitations for the implementations of the strategies, such as there being
some rotation sequences without solutions, the limits of the maximum applied voltages, and the effect of the disturbance
torques, this paper presents several examples to demonstrate how to eliminate these limitations. The results show that the
open-loop control strategy can accurately reach the desired attitude if there are no disturbance torques. Also, the applied
voltages can be reduced to meet the specifications of the voltage amplifiers by using multiple steps of rotation sequences.
The closed-loop attitude control strategy demonstrates the achievement of attitude control for systems with constrained
applied voltages. In addition, the strategy can compensate the attitude error caused by the effect of the gravity gradient
torques.
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